abstract: In the present paper, a computational method for solving nonlinear Volterra-Fredholm Hammerstein integral equations is proposed by using compactly supported semiorthogonal cubic B-spline wavelets as basis functions. Dual functions and Operational matrices of B-spline wavelets via Galerkin method are utilized to reduce the computation of integral equations to some algebraic system, where in the Galerkin method dual of B-spline wavelets are applied as weighting functions. The method is computationally attractive, and applications are demonstrated through illustrative examples.
Introduction
The past two decades have been witnessing a strong interest among physicists, engineers and mathematicians for the theory and numerical modeling of integral equations. These equations are solved analytically; for example in [1] and the references therein. Although proving existence and uniqueness of solution of integral equation has been done lots of researches [2] - [5] , but analytical solutions for those often are not available. Nonlinear integral equations have been studied in relation to physics, vehicular traffic, biology, the theory of optimal control, economics, etc. Several numerical methods for approximating the solution of mixed Volterra-Fredholm Hammerstein integral equations are known. In [6] 
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M. Nosrati Sahlan basis functions, derived from Block-Pulse functions, is presented for solving nonlinear type of these equations. Two dimensional mixed Volterra-Fredholm integral equations of Urysohn type are solved by using some meshless methods in [7] , and variational iteration method in [8] . Also the numerical solution of Hammerstein integral equations of mixed type by using Sinc-collocation method was introduced in [9] . The methods in [10] - [13] transform a given integral equation into a system of nonlinear equations, which has to be solved with some kind of an iterative method. Consider the second kind nonlinear Fredholm-Volterra-Hammerstein integral equation of the form y(x) = f (x) + 1 0 K 1 (x, t)g 1 (t, y(t))dt + x 0 K 2 (x, t)g 2 (t, y(t))dt, (1.1)
where f, K 1 and K 2 are known L 2 functions, with g 1 (t, y(t)) and g 2 (t, y(t)) nonlinear in y, the unknown function that to be determined. In this paper, we use the semiorthogonal cubic B-spline wavelets for solving this class of integral equations. Our method consists of reducing the given mixed integral equation to a set of algebraic equations by expanding the unknown function by B-spline wavelets with unknown coefficients. Operational matrices via Galerkin method are utilized to evaluate the unknown coefficients. Because of semiorthogonality, having compact support and vanishing moments properties of these wavelets, the operational matrices are very sparse. The structure of this paper is arranged as follows. The main problem and brief history of some presented methods are expressed in section 1. Section 2 is devoted to definition of cubic B-spline wavelets on bounded interval, function approximation by using these wavelets and dual of cubic B-spline scaling functions and wavelets. In section 3, the numerical method for solving Volterra-Fredholm Hammerstein integral equation is purposed. In section 4 convergence and error analysis of the method are discussed. In section 5, we report our numerical founds and compare them with some other methods in solving these integral equations, and section 6 contains our conclusion.
Cubic B-spline scaling and wavelet functions
The general theory and basic concepts of the wavelet theory and MRA is given in [14] - [19] . There are several ways to define B-splines. Typically, the m−th order B-splines ϕ m (t) is defined recursively by convolution
Another recursive relation for B-spline scaling functions of order m ≥ 2 is as follows 
or in the other form
where
and its two-scale dilation equation defined as follows
Scaling functions can be used to expand any function in L 2 (R). These functions are defined on the entire real lines, so that they could be outside of the domain of the problem. The common strategy is to use as many translates as possible of the generators supported inside the interval [0, 1] and construct boundary functions for those generators that overlap the interval end. The construction will be done on a minimal level J which is chosen such that the boundary functions on the right and on the left do not overlap. In that way both ends of the interval can be treated separately. In our setting this is satisfied for J ≥ 3.
Boundary adaptation
• Left boundary cubic B-spline scaling functions:
We define the boundary near functions at the left boundary by 5) and for other levels of J, we have
• Right boundary cubic B-spline scaling functions: For the right end of the interval, note that, by symmetry we have the following relations 9) and for other levels of J, we have
Interior scalings Five interior cubic B-spline scaling functions are chosen as 11) and for other levels of J, we get 
Other inner and boundary wavelets are made similarly [20] . Figure 3 is helpful to get a geometric understanding of inner and boundary cubic B-spline wavelets. 
Function approximation
A function f (x) defined over [0, 1] may be approximated by cubic B-spline wavelets as
where φ j0,i and ψ j,k are scaling and wavelets functions, respectively. If the infinite series in equation (2.14) is truncated, then it can be written as
where C and Υ are 2 (ju+1) + 3 column vectors given by
j − 4, respectively. These can be obtained by linear combinations of ϕ (3) j0,i and ψ j,k . Let
Using equations (2.18)-(2.19) we get where In greyscale plot of matrix, a darker color on an element indicates a larger magnitude. As is shown in the Figure 3 , the product matrix of wavelet functions is very sparse because of semiorthogonality, compact support properties of cubic B-spline wavelet functions. Suppose˜) and ) are the dual functions of ) and ), respectively, given by ) = [˜(
, ...,
, .. similarly for cubic B-spline wavelets, product matrix is:
where P 1 and P 2 are 11 × 11 and (2 ju+1 − 8) × (2 ju+1 − 8) matrices, respectively. For j u = 3, H 8×8 is as follows 
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In greyscale plot of matrix, a darker color on an element indicates a larger magnitude. As is shown in the Figure 3 , the product matrix of wavelet functions is very sparse because of semiorthogonality, compact support properties of cubic B-spline wavelet functions. Supposeφ(x) andψ(x) are the dual functions of ϕ(x) and ψ(x), respectively, given byφ
4,4 (x), ...,ψ
where I 11 and I 2 ju +1 −8 are 11 × 11 and (2 ju+1 − 8) × (2 ju+1 − 8) identity matrices, respectively. Thus we getφ = P −1
Wavelet Galerkin Method for solving mixed integral equations
In this section, we solve the integral equation of the form (1) by using operational matrix of cubic B-spline wavelets. The unknown functions in equation (1.1) can be expanded in term of the selected scaling and wavelet functions as equation (2.15) y(x) = C T Υ(x), (3.1)
where Υ(x) is defined in (2.17) and C, A 1 and A 2 are (2 ju+1 +3)×1 unknown vectors defined similarly C in (2.16). The known functions in equation (1.1), f (x), K 1 (x, t) and K 2 (x, t), can be expanded by B-spline dual wavelets Υ given by
and Υ i is the i − th element of the column vector Υ. Using equations (3.2)-(3.3) and (3.6)-(3.7) we get
and P x is functional matrix defined as
By substituting (3.1), (3.5) and (3.8)-(3.9) in equation (1.1), we have
by multiplying (3.10) by Υ T (x) and integrating from 0 to 1, we get
in which P is a (2 ju+1 + 3) × (2 ju+1 + 3) square matrix given by
where P 1 and P 2 are defined in equations (2.20)-(2.21), and
To find the solution y(x), we first collocate the following equations (3.14) in the collocation points
, m = 1, 2, ..., 2 (ju+1) + 3, equation (3.12) generates a set of 2 × (2 ju+1 + 3) algebraic equations. The total number of unknowns for vectors C, A 1 and A 2 in equation (3.12) is 3 × (2 ju+1 + 3). These can be obtained by using equations (3.13) and (3.14).
Convergence and error estimate
In this section, we discuss about convergence and error bounds of introduced method and by recalling some relevant theorems, we prove the main theorem of this paper. 11]) Consider the previous theorem assume that e j (x) be error of approximation in V j , then
Thus, order of error depend on the level j. Obviously, for larger level of j, the error of approximation will be smaller. 
Specifically we can derive the following asymptotic relation [23] ,
where the constant C m is the same for all spline wavelet transforms of a given order m, and is given by
where B 2m is Bernouilli's number of order 2m.
In the above theorem, f defined as
. If y and y j are the exact and approximate solution (obtained by m−order B-spline wavelet) of equation (1.1), respectively, then
Proof: From equation (1.1) we get
by Cauchy Schwartz inequality the first part of right hand integral can be written as
, (4.3)
on the other hand by the mean value theorem we can write
and g 12 is the derivative of g 1 respect to the second variable, also
On the other hand
with
where g 22 is the derivative of g 2 respect to the second variable. Substituting equations (4.3)-(4.6) and pervious theorem in equation (40) we get:
It is interesting to point out that if the functions g i (t, y), i = 1, 2 satisfies in Lipschitz condition, that is there exist Lipschitz constants
the pervious theorem is proved easily without applying mean value theorem.
Illustrative example
In this section, for showing the accuracy and efficiency of the described methods we present some examples. The solution of y ( x) is obtained by the methods in section 3 at the octave level j 0 = 3 and at the levels j u = 3, 4, 5 and are compared with the results of some other methods. In tables the absolute errors are defined as follows e(y) = |y(x) − y * (x)|, i = 1, 2, ..., n, where y and y * are the exact and approximated solutions, respectively.
Example 5.1.
[13] Consider the equation
with the exact solution u(x) = x 2 − 2. Table 1 presents exact and approximation solution for u(x), obtained by the method in section 4 at the octave level j 0 = 3 and at the levels j u = 3, 4, 5.
R.H.F: approximated solution by rationalized Haar functions [13] . Table 1 Example 5.2.
[9] Consider the following Hammerstein mixed integral equation
with the exact solution y(x) = x. Table 2 presents exact and approximation solution for y(x), obtained by the method in section 4 at the octave level j 0 = 3 and at the levels j u = 3, 4, 5. Example 5.3. Consider the following nonlinear Volterra-Fredholm integral equation
and the exact solution is y(x) = sin(x). Table 3 presents exact and approximation solution for y(x), obtained by the method in section 4 at the octave level j 0 = 3 and at the levels j u = 3, 4, 5. 
Conclusions
In this paper, we proposed an advanced numerical model in solving nonlinear Fredholm-Volterra Hammerstein integral equation of the second kind by means of semi orthogonal compactly supported spline wavelets via operational matrices of these wavelets and Galerkin method. Because of some properties of B-spline wavelets such as semiorthogonality, having compact support and vanishing moments, the operational matrices of the method is so sparse (as operational matrix of product in section 2, H 16×16 ) and therefore the purposed approach cause to significant reduction in memory requirement and computational time in the programming of method. On the other hand, as we can see in examples, in comparison with some other methods, the introduced method has good accuracy. The approach can be extended to nonlinear integro-differential equation with little additional work.
